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Abstract
The Grassmann bundle of degenerate tangent planes to a Lorentzian manifold is introduced and several of its properties are
deduced. After a suitable normalization, the null sectional curvature associated to a Lorentzian metric may be considered as a
well-defined function on the Grassmann bundle of degenerate tangent planes. The smoothness of this function is proved and some
consequences are obtained.
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1. Introduction
For non-degenerate (spacelike or timelike) tangent planes of a Lorentzian manifold (M,g) the notion of sectional
curvature can be introduced in similar way to tangent planes of a Riemannian manifold, see for instance [16, p. 77].
Nevertheless the behavior of sectional curvature presents here several remarkable differences to the definite case. In
fact, sectional curvature is only defined on a proper open subset of the Grassmann manifold of tangent planes of M
because it has no sense for degenerate tangent planes. On the other hand, there is an amazing result by Kulkarni [14]
which asserts that: if (M,g) is a Lorentzian manifold with dimM = n  3 and its sectional curvature is bounded
from above (or from below) for all non-degenerate tangent planes, then (M,g) has constant sectional curvature.2 In
particular, it follows from Kulkarni’s theorem that the concepts of an n( 3)-dimensional Lorentzian (or indefinite)
manifold being positively curved or negatively curved based on the sign of sectional curvature are vacuous except in
the case of constant curvature. As a remarkable consequence of [14], we can get that the sectional curvature K cannot
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sectional curvature (see [18] and references therein).
On the other hand, in order to obtain Rauch type results for lightlike geodesics, Harris introduced [8] the notion
of null sectional curvature of a degenerate tangent plane Π with respect to a lightlike tangent vector v ∈ Π (see
Section 4 for details). It is important to point out that the null sectional curvature is a Lorentzian notion and cannot
be established for other indefinite semi-Riemannian manifolds. Null sectional curvature has shown to be fruitful to
get comparison theorems [8] and plays an analogous role as the sectional curvature in the Riemannian case in order
to analyze conjugate points along lightlike geodesics. In fact, we can refer to the following result [8, Prop. 2.6],
which can be seen as a lightlike analogue to the Bonnet–Myers theorem and more recently, a Morse–Schönberg type
theorem was stated in [5, Prop. 4.4]. Moreover, null sectional curvature has been used to characterized the equality
case of several integral inequalities in [5] and [7].
From a global point of view, several geometric properties of the Lorentzian manifolds are related with the behavior
of the null sectional curvature. In fact, recall that the paper [9] is mainly devoted to characterize the manifolds which
satisfy the following property, the null sectional curvature at each point is, in an appropriate sense, independent
of the choice of degenerate planes at that point. Harris shows that this property is equivalent to the infinitesimal
spatial isotropy with respect to a unit timelike vector field T , as defined by Karcher in [10]. Therefore, under the right
conditions, this property characterizes the Robertson–Walker spaces (see details in [10] and [9]). Another natural
property to be required to the null sectional curvature is the following, all degenerate planes which containing a
fixed lightlike tangent vector have the same null sectional curvature. As a consequence of [4], a manifold satisfies
this property if and only if its Weyl conformal tensor field vanishes, therefore, for dimension n  4, this property
characterizes locally conformally flat Lorentzian manifolds (see [18] for more details).
Although the notion of null sectional curvature has been widely used; as far as we know, the following two basics
facts are not available (see [3] and references therein).
1. A geometric description of the Grassmann bundle of all degenerate tangent planes of a Lorentzian manifold.
2. An argument to support the intuitive idea that the null sectional curvature is, in a appropriate sense, a smooth
function.
The main aim of this paper is to fill this gap. The content of the paper is organized as follows. Section 2 is
devoted to study the sets Dn and D˜n of unoriented and oriented degenerate linear planes of the Lorentz–Minkowski
n-space, Ln (n  3). We show that Dn and D˜n can be endowed with a smooth manifold structure in such way that
they are diffeomorphisms respectively with P(Sn−2), the projective bundle deduced from the tangent bundle T Sn−2,
and USn−2, the unit tangent bundle to Sn−2, where Sn−2 denotes the usual (n − 2)-dimensional unit sphere (see
Lemma 2.2). In general, the set of degenerate tangent planesDg(M) of a Lorentzian manifold (M,g) can be furnished
with a smooth manifold structure in such way that its natural projection onto M becomes a fibre bundle with compact
fibre Dn (see Section 3). Moreover, the natural projection from Dg(M) onto the null congruence associated with a
timelike vector field T is a fibre bundle with standard fibre the real projective space RPn−3 when dimM = n  3
(see Proposition 3.1). Finally, we will show (Theorem 4.1) that for every timelike vector field T the T -normalized
null sectional curvature (5) is a smooth function on the manifold of degenerate tangent planes and so, opposite to the
well-known behavior of the sectional curvature, the null sectional curvature is bounded for every compact Lorentzian
manifold.
2. The manifold of all degenerate planes of Ln
Let G2(Rn) (resp. G˜2(Rn)) be the Grassmann manifold of unoriented (resp. oriented) linear planes of Rn and let
k : G˜2(Rn) → G2(Rn) be the natural double covering map.
Let us consider the semi-Euclidean n-space of index ν, 0 ν  n,(
R
n, gν = −
ν∑
j=1
dx2j +
n∑
j=ν+1
dx2j
)
,
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Dn =
{
Π ∈ G2(Rn): g1|Π is degenerate
}
,
and D˜n = k−1(Dn).
Lemma 2.1. For every n  3, Dn (resp. D˜n) is a compact regular submanifold of G2(Rn) (resp. G˜2(Rn)) with
dimDn = dim D˜n = 2n− 5.
Proof. Let F :G2(Rn) → R be the map defined by,
(1)F(Π) = g1(u1, u1)g1(u2, u2)− g1(u1, u2)
2
g0(u1, u1)g0(u2, u2)− g0(u1, u2)2 ,
where {u1, u2} is a basis for Π . A straightforward computation gives us that the number F(Π) is independent of the
choice of basis for Π and it is not difficult to show that F is smooth. Since Dn = F−1(0), the proof ends by checking
that 0 is a regular value for F . Taking into account that D˜n = k−1(Dn), the result also follows for the oriented case. 
We will call Dn (resp. D˜n) the Grassmann manifold of degenerate unoriented (resp. oriented) linear planes of Ln.
The restriction of the natural action of the general linear group Gl(n,R) on G2(Rn) provides us with a transitive
action of the Lorentz group O1(n) on Dn. Therefore, for every Π0 ∈Dn, the map
λΠ0 :O1(n) −→Dn, A −→ AΠ0,
is a submersion.
Let V2(Rn) be the Stiefel manifold of 2-orthonormal frames in (Rn, g0). We may regard V2(Rn) as the unit tangent
bundle USn−1 of the unit (n − 1)-dimensional round sphere, [21, Chap. 1].
We will denote by P(Sn) the projective space derived from the tangent bundle T Sn. In other words, P(Sn) =⋃
x∈Sn P (TxSn − {0}), where we have written P(TxSn − {0}) for the projective space derived from TxSn − {0}. For
every y ∈ TxSn−{0}, let [y] be the corresponding point in P(TxSn−{0}). It is well known that P(Sn) can be endowed
with a unique smooth structure for which,
r :USn −→ P(Sn), y −→ [y],
becomes a smooth double covering map.
The following result permits to relate the Grassmannians Dn and D˜n with the previous unit tangent and projective
bundles.
Lemma 2.2. For every n 3 there are diffeomorphisms Υ and Γ such that the following diagram is commutative,
(2)
USn−2 Υ−→ D˜n
r ↓ ↓ k
P (Sn−2) Γ−→ Dn
Proof. Consider (x, y) ∈ USn−2 where x ∈ Sn−2 and y is a unit tangent vector to Sn−2 at the point x, so g0(x, y) = 0.
Note that if v = (1, x), u = (0, y) ∈ Rn, then g1(v, v) = g1(u, v) = 0 and g1(u,u) = 1, hence the ordered pair (v,u)
gives us a basis for a degenerate oriented plane Υ (x, y) ∈ D˜n. For inverting Υ , consider any oriented degenerate
plane spanned by a vector v with g1(v, v) = 0 and vector u with g1(u,u) = 1; v may be presumed to have its first
coordinate 1, and adding an appropriate multiple of v to u results in a vector u¯ with first coordinate 0. These yield
the respective x and y; changing to a different basis for the plane results, at most, in replacing y with −y, and this
is possible only if the new basis respects the other orientation for the plane. Finally, let Γ be the unique smooth map
such that diagram (2) is commutative, taking into account that r and k are smooth covering maps, it easily follows
that Γ is also a diffeomorphism. 
Remark 2.3. The Grassmann manifold of degenerate planes D3 can be identified with the Lie group S1 and, taking
into account the well-known Poincaré’s representation which shows SO(3) as the unit circle bundle US2 (see for
instance [15]), the Grassmann manifold of degenerate oriented planes D˜4 can be identified with the Lie group SO(3).
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Qn−2(C) =
{
[z1, . . . , zn] ∈ CPn−1:
n∑
j=1
z2j = 0
}
[17, Chap. 12], [12, Chap. 11]. If gFS denotes the canonical (Fubini–Study) Kähler metric of the complex projective
space CPn−1, then its restriction on the real hypersurface D˜n provides us with a Riemannian manifold. Since, the
map given by reversing the orientation is an isometry, Dn inherits a Riemannian metric from the above one on D˜n.
3. Grassmann bundles of degenerate tangent planes
From now on (M,g) will be a Lorentzian manifold which will be considered with signature (−,+, . . . ,+) and
dimM = n 3. Tangent vectors v ∈ TpM are classified into timelike if g(v, v) < 0, spacelike if g(v, v) > 0 or v = 0
and lightlike if g(v, v) = 0 and v = 0. Let ∇ be the Levi-Civita connection of (M,g) and R its Riemannian curvature
tensor.3
The Lorentzian metric g provides us with an O1(n)-structure on M by taking Q the bundle of g-orthonormal
linear frames on M such that the first vector is timelike. Since the Lorentz group O1(n) acts on the left on Dn, we can
construct the associated fibre bundle Q ×O1(n) Dn over M . We will write μ :Q ×Dn → Q ×O1(n) Dn for the usual
projection.
Let G2(M) be the Grassmann manifold of (unoriented) tangent planes to M . In a similar way to Lemma 2.1, the
subset Dg(M) ⊂ G2(M) of degenerate tangent planes of the Lorentzian metric g is furnished with a smooth manifold
structure in such way that Q×O1(n) Dn and Dg(M) are identified.
Assume that there is a timelike vector field T on (M,g) and consider the associated null congruence CgT M = {v ∈
TM: g(v, v) = 0, g(v,Tπ(v)) = 1}, where π :TM → M is the natural projection, [9] and [13]. It is not difficult to
see that CgT M is a codimension two submanifold of TM and π :C
g
T M → M is a fibre bundle with standard fibre Sn−2
(see details in [5]). For each Π ∈Dg(M) there is a unique lightlike vector in Π ∩CgT M , and so we can define a natural
smooth map,
p
g
T :Dg(M) −→ CgT M, Π −→ Π ∩CgT M.
How many degenerate planes share the same vector v chosen by our map? This amounts to asking how many
degenerate planes share the same lightlike direction. Given that lightlike direction, we specify the degenerate plane by
specifying, for instance, a unit spacelike vector u perpendicular to that lightlike direction; and we may as well require
that u be perpendicular to T (thus removing most of the multivalency in choosing such a u). This gives a sphere’s worth
of possibilities for u. But note that replacing u by −u results in the same degenerate plane: Span{v,u} = Span{v,−u}.
Thus, there is actually only a projective plane’s worth of different degenerate planes all containing the same lightlike
direction. This result is proved in the following
Proposition 3.1. Let (M,g) be a Lorentzian manifold, with dimM = n 3, which admits a timelike vector field T .
The map pgT :Dg(M) → CgT M defines a fibre bundle with standard fibre the real projective space RPn−3.
Proof. Let E1 = T√−g(T ,T ) ,E2, . . . ,En be a local section of Q defined on an open subset O ⊂ M . By taking,
(3)B = {v ∈ π−1(O) ∩CgT M: g(v,En(π(v)) = 0},
we can define a local trivialization for pgT as follows:
(p
g
T )
−1(B) −→ B × RPn−3
Π −→ (v, [u2, . . . , un−1]),
3 Our convention on the Riemannian curvature tensor is R(X,Y )Z = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z.
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∑n
j=2 ujEj (π(v)) ∈ Π ∩ T ⊥ with u = 0 and [u2, . . . , un−1] denotes the point of RPn−3
defined by (u2, . . . , un−1) (note that, from g(v,u) = 0 and v ∈ B , it can be deduced that (u2, . . . , un−1) = 0). Now
the result follows from a suitable choice of such local trivializations. 
The interrelation between the maps that we are considering can be visualized in the following diagram,
Dn Sn−2
↓ ↓
RPn−3 → Dg(M)
pTg−→ CgT M
π ◦ pgT ↘ ↙ π
M
Remark 3.2. Clearly, if h and g are conformally related Lorentzian metrics on a manifold M , then Dg(M) =Dh(M).
Conversely, if g and h are two Lorentzian metrics on M such that Dg(M) = Dh(M), then g and h are conformally
related. This fact can be deduced by taking into account that x ∈ TpM is g-timelike if and only if x /∈ Π for every
Π ∈Dg(M).
4. Null sectional curvature
In this section we will apply previous technical tools to study null sectional curvature. First recall its definition.
Given Π ∈Dg(M) and v ∈ Π a lightlike vector, the null sectional curvature of Π with respect to v is given by
(4)Kv(Π) = g(R(x, v)v, x)
g(x, x)
,
where x is any nonlightlike vector in Π , [8] (see also [1, Ap. A]). Note that Kv(Π) is independent of the choice of the
nonlightlike vector x ∈ Π , however it does depend quadratically on v. Therefore, it is not, in general, a function on
the Grassmannian of degenerate tangent planes Dg(M). But there is a natural way to see the null sectional curvature
as a well-defined function for a time oriented Lorentzian manifold. In fact, if we assume that a Lorentzian manifold
(M,g) is time oriented, then we can make a choice of a (globally defined) timelike vector field T ∈ X(M). Therefore,
we can define a T -normalized null sectional curvature by putting
(5)KT (Π) =KpgT (Π)(Π).
The T -normalized null sectional curvature may be a non-constant point function on the Lorentzian manifold (M,g)
(see [9,10,13]). This fact contrasts with the well-known behavior of sectional curvature.
Let Gl(n,R) ↪→ L(M) τ−→ M be the principal fibre bundle of linear frames over the manifold M . We shall write
L(M) for the sake of simplicity. Let ω be the connection form on L(M) defined from a Lorentzian metric g on M .
For each α ∈ Rn, the standard horizontal vector field B(α) on L(M) is given as follows,
τ∗
(
B(α)b
)= b(α) and ω(B(α)b)= 0, b ∈ L(M),
where b is considered as a linear mapping from Rn onto Tτ(b)M . If Ω is the curvature form of ω, then the Riemannian
curvature R of (M,g) satisfies,
(6)R(x, y)z = b[(2Ω(X∗, Y ∗))(b−1z)], x, y, z ∈ TpM,
where b ∈ L(M) with τ(b) = p and X∗, Y ∗ ∈ TbL(M) with τ∗(X∗) = x and τ∗(Y ∗) = y [11, Chaps. 3 and 4].
The following result, announced in [18], follows in a similar way to [2, Prop. 9.1].
Theorem 4.1. For every time oriented Lorentzian manifold (M,g), with dimM = n  3, and every timelike vector
field T ∈ X(M), the function
KT :Dg(M) → R,
is smooth.
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Q×O1(n)
IQ×λΠ0−→ Q×Dn μ−→ Q×O1(n) Dn =DgM,
permits us to reduce the proof to check that KT ◦μ ◦ (IQ × λΠ0) is a smooth map.
Assume now that Π0 = Span{v,u} with v lightlike and g1(u,u) = 1, then for (b,A) ∈ Q×O1(n) we have from (6),
(7)KT (μ(b,AΠ0))= 1
g(b(Av),Tτ(b))2
g1
(
2Ω
(
B(Au)b,B(Av)b
)
Av,Au
)
.
The result follows from (7) with a straightforward computation. 
From Lemma 2.1, we know that Dn is a compact manifold therefore, as a direct consequence of the above result,
we get,
Corollary 4.2. For every compact time oriented Lorentzian manifold (M,g), with dimM = n 3, and every timelike
vector field T ∈ X(M), there exist a, b ∈ R such that,
a KT (Π) b,
for every Π ∈Dg(M).
Example 4.3. Let τ : (S2n+1, g0) → (CPn,gFS) be the Hopf fibration and let T ∈ X(S2n+1) be given by Tz = i z.
Recall that every odd dimensional sphere S2n+1 can be endowed with a Lorentzian metric g as follows,
g(X,Y ) = g0(X,Y ) − 2g0(X,T )g0(Y,T ),
where X,Y ∈ X(S2n+1), [5,6,19,22]. If Π ∈Dg(S2n+1), then the following formula holds,
KT (Π) = 2KFS
(
τ∗(Π)
)
,
where KFS is the sectional curvature in CPn. Hence, using the well-known range of variation of KFS, we have
2KT (Π) 8 (see details in [5]).
Remark 4.4. Assume that the timelike vector field T is conformally Killing (i.e., LT g = ρg where ρ is a smooth
function) in Corollary 4.2, then for any lightlike geodesic γ with γ ′(0) ∈ CgT M we have γ ′(t) ∈ CgT M for all t [5,
Prop. 2.5], and the Lorentzian manifold (M,g) must be geodesically complete [20]. If a > 0 in Corollary 4.2, then
from [8] (see too [1, Prop. A.8.]) every lightlike geodesic γ : [0, π√
a
] → M , with γ ′(0) ∈ CgT M , has conjugate points.
On the other hand, if b > 0 and the lightlike geodesic γ : [0, λ] → M , with γ ′(0) ∈ CgT M , has conjugate points, then
π√
b
 λ [5, Prop. 4.3].
Remark 4.5. Let (S, gS) be a Riemannian manifold, take the Lorentzian manifold (M,g) = (R× S,−dt2 + gS), and
T = d
dt
. Then, for every Π ∈Dg(M), we get,
(8)KT (Π) =KS
(
σ∗(Π)
)
,
where σ :R×S → S is the natural projection onto the second factor andKS is the sectional curvature in S. As a direct
consequence of (8), it can be deduced that there are non-compact Lorentzian manifolds which satisfy the inequality
KT  δ > 0, compare with the Myers Theorem (see for instance [16, Theor. 10.24]).
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